Two novel version of weak form quadrature elements are proposed based on Lagrange and Hermite interpolations, respectively, for a second strain gradient Euler-Bernoulli beam theory. The second strain gradient theory is governed by eighth order partial differential equation with displacement, slope, curvature and triple derivative of displacement as degrees of freedom. A simple and efficient differential quadrature frame work is proposed herein to implement these classical and non-classical degrees of freedom. A novel procedure to compute the modified weighting coefficient matrices for the beam element is presented. The proposed elements have displacement as the only degree of freedom in the element domain and displacement, slope, curvature and triple derivative of displacement at the boundaries. The Gauss-Lobatto-Legender quadrature points are assumed as element nodes and also used for numerical integration of the element matrices. Numerical examples are presented to demonstrate the efficiency and accuracy of the proposed beam element.
INTRODUCTION
The differential quadrature method is an efficient numerical technique for the solutions of linear and non-linear partial differential equations [1] - [2] . It was first introduced by Bellman et.al [3] and later developed by many researchers [4] - [16] . The developments in this field primarily focused on the generalization of this techniques from the perspective of multi-boundary conditions and complicated geometries. As a consequence many improved versions have been developed and applied to the problems of science and engineering [17] - [22] . As exhaustive survey of the developments in the differential quadrature method can be found in the review paper by Malik et.al [23] .
In this paper we propose for the first time two novel versions of quadrature beam elements based on the weak form of governing equation to solve a eighth order partial differential equation associated with the second strain gradient elasticity theory. The two elements are formulated using the Hermite and Lagrange interpolations, respectively. These elements are the extension of the earlier work by authors [24] - [25] , on weak form quadrature elements for first strain gradient theory, which is governed by sixth order partial differential equation [26] - [40] . The second strain gradient elasticity theory is an enriched version of the classical theory or the first strain gradient theory accounting for higher order gradients of strains, and yiled curvature and triple derivative of displacements as additional degrees of freedom [41] - [44] . A novel differential quadrature framework is proposed herein to account for these non-classical degrees of freedom in a simple and efficient manner. This framework is formulated with the aid of variation principles, differential quadrature rule and Gauss Lobatto Legendre (GLL) quadrature rule. Here, the GLL points are used as element nodes and also to perform numerical integration to evaluate the element matrices. The procedure for computing the stiffness matrices at the integration points is analogous to the conventional finite element method. The proposed quadrature elements have displacement, slope, curvature and triple derivative of displacement as the degrees of freedom at the element boundaries and only displacement in the domain. Numerical results on bending, free vibration and stability analysis of second gradient beams are presented to demonstrate the capability of the proposed elements.
Second strain gradient elasticity theory
The second strain gradient micro-elasticity theory with two classical and two non-classical material constants is consider in the present study [41, 44] . The two classical material coefficients are Lame constants and the non-classical ones are gradient coefficients with the dimension of length. In what follows, the variational formulation for the second strain gradient Euler-Bernoulli beam theory is presented for the first time. Further, the governing equation and associated classical and non-classical boundary conditions are discussed.
The potential energy density function for a second strain gradient theory is given by:
The stress-strain relations for 1-D second strain gradient elastic theory are defined as [41] 
where, λ, µ are Lame constants and g 1 , g 2 are the strain gradient coefficients of dimension length.
is the Laplacian operator and I is the unit tensor. τ , ς andς denotes Cauchy, double and triple stresses respectively, ε and (tr ε) are the classical strain and its trace which are expressed in terms of displacement vector w as:
It follows from the above equations the constitutive relations for an EulerBernoulli second gradient beam can be stated as
For the above state of stress and strain the strain energy expression in terms of displacement for a beam defined over a domain −L/2 ≤ x ≤ L/2 can be written as:
The potential energy of the applied load is given by
The kinetic energy is given as
where, E, A and I are the Young's modulus, area, moment of inertia, respectively. q and w(x, t) are the transverse load and displacement of the beam. V , M ,M andM are the shear force, bending moment, double and triple moment, respectively. P is the axial compressive force and over dot indicates differentiation with respect to time.
Using the The Hamilton's principle [46] :
we get the following weak form expression for elastic stiffness matrix 'K', geometric stiffness matrix 'G' and consistent mass matrix 'm' as
Using the Equations (9)- (11) the governing equation of motion for a second strain gradient Euler-Bernoulli beam is obtained as
and the associated boundary conditions are:
Classical :
Non-classical :
2 Quadrature elements for a second strain gradient Euler-Bernoulli beam
In this section we present, two novel quadrature elements for a second gra- It can be observed that each interior node has only displacement w as degrees of freedom and the boundary has 4 degrees of freedom w, w , w and w . The displacement vector includes the slope, curvature and triple displacement derivative as additional degrees of freedom at the element boundaries given by: w = {w 1 , · · · , w N , w 1 , w N , w 1 , w N , w 1 , w N }. The procedure to incorporate these extra boundary degrees of freedom while formulating the Lagrange and Hermite interpolation based quadrature elements will be present next.
Lagrange interpolation based quadrature beam element
The displacement for a N-node quadrature beam is assumed as [1] : 
where
The first order derivative of the Lagrange interpolation function is obtained as,
The higher order derivatives of Lagrange interpolation functions are ob-tained as
Here, B ij , C ij and D ij are weighting coefficients of Lagrange interpolation functions for second, third and fourth order derivatives, respectively. The eighth order partial differential equation given in Equation (12), renders slope w , curvature w and triple displacement derivative w as extra degrees of freedom at the element boundaries. To account for these extra boundary degrees of freedom in the formulation, the derivatives of conventional weighting function A ij , B ij , C ij and D ij are modified as follows:
First order derivative matrix :
Second order derivative matrix :
Third order derivative matrix :
Fourth order derivative matrix :
Using the above Equations (19)- (25), the element matrices can be expressed in terms of weighting coefficients as Elastic stif f ness matrix :
Geometric stif f ness matrix :
Consistent mass matrix :
Equivalent load vector :
Here ξ and H are the coordinate and weights of GLL quadrature. δ ij is the Dirac-delta function.
Hermite interpolation based quadrature beam element
The displacement for a N-node second strain gradient beam element based on Hermite interpolations is assumed as
φ, ψ, ϕ and ζ are Hermite interpolation functions defined as [15] 
where,
where, a j2 = 6
where, a j1 =
The kth order derivative of w(ξ) with respect to ξ is obtained from Equation (30) as
The derivatives of the Hermite interpolations are defined as follows:
In the above equations, φ
Using the above Equation (30)- (40), the element matrices can be expressed in terms of weighting coefficients as Elastic stif f ness matrix :
Here ξ and H are the coordinate and weights of GLL quadrature. δ ij is the Dirac-delta function. The super-script of Γ in the Equation (41)- (42) indicates the order of derivative of the Hermite interpolation function.The consistent mass matrix and equivalent load vector remains the same as given by Equation (28)-(29).
Combining the elastic stiffness, geometric stiffness, mass matrix and equivalent load vector we get the following system of equations
Here the vector ∆ b contains the boundary related non-zero slope, curvature and triple displacement derivative dofs. Similarly, the vector ∆ d includes all the non-zero displacement dofs of the beam element. For bending analysis M dd = P = 0, for free vibration analysis f b = f d = P = 0 and
for stability analysis. The solution of the Equation (43) after applying the appropriate boundary conditions gives the unknown displacements, frequencies and buckling load.
Numerical Results and Discussion
The performance of the proposed two quadrature beam element is assessed through static, free vibration and stability analysis of second strain gradient 
Static analysis of second strain gradient beam using quadrature elements
A simply support beam subjected to uniformly distributed load is considered in the present analysis. The deflection reported here is nondimensional as, :w = 100EIw/qL 4 . In Table 1 , convergence of nondimensional deflection and slope obtained using SQE8-L and SQE8-H are compared with exact solutions obtained in Appendix-I. The deflection is evaluated at center of the beam x = 0 and slope are computed at the left support x = −L/2. Excellent convergence is exhibited by both elements for deflection and slope using 11 grid points. In Table 2 , the nondimensional deflection along the length of a simply suported beam obtained using 11 noded SQE8-L and SQE8-H elements are presented. The results show perfect match with the analytical values along the full length of the beam. Table 2 : Comparison of deflection along the length for a simply supported beam under a udl.
From the above observations it is concluded that, both SQE8-L and SQE8-H elements can be efficiently applied to study the static behaviour of second strain gradient Euler-Bernoulli beam with less number of nodes.
3.1.1 Free vibration analysis of second gradient beam using quadrature elements
All the frequencies reported for beams are nondimensional asω = ωL 2 ρA/EI. The analytical solutions for second strain gradient elastic Euler-Bernoulli beam with different boundary conditions are obtained by following the approach given in [45] and the associated frequency equations are presented in Appendix-I. In this study, the rotary inertia related to slope, curvature and triple displacement derivative dofs is neglected. In Table 3 , convergence of first six frequencies for a simply supported beam obtained using the SQE8-L and SQE8-H elements for g 1 = 0.015, g 2 = 0.01 are presented and compared with analytical values. The rate of convergence is seen faster for the both the elements for all the frequencies. Similar trend is noticed in the the Table  4 , for a free-free beam. Hence, a single SQE8-L or SQE8-H element with less number of nodes can produce accurate solutions even for higher frequencies and can be efficiently applied for free vibration analysis of second strain gradient beams. 
Stability analysis of gradient elastic beams using quadrature elements
In this section, the applicability of the proposed elements for stability analysis of prismatic second gradient Euler-Bernoulli beam is verified. The convergence of the critical buckling load for a simply supported beam obtained using SQE8-L and SQE8-H is shown in Table 5 , and compared with the analytical values obtained in the Appendix-I for g 1 = 0.015, g 2 = 0.01. Good convergence trend is exhibited by both the elements. Hence, a single SQE8-L or SQE8-H element with few nodes can be efficiently used to study the buckling behaviour of a second strain gradient elastic beam. 
Conclusion
Two novel versions of weak form quadrature elements are proposed to solve a eighth order differential equation associated with the second strain gradient Euler-Bernoulli beam theory. The two elements are based on Lagrange and Hermite interpolations, respectively. A novel way was introduced to account for the multi-degrees of freedom related to second strain gradient theory. The performance of the proposed elements was demonstrated through numerical examples on bending, free vibration and stability analysis of prismatic gradient beams. Based on the findings it was concluded that, both elements exhibit excellent performance with fewer number of nodes.
here K is the coefficient matrix, f is the vector corresponding to the load and {δ} = {c 1 , c 2 , c 3 , c 4 , c 5 , c 6 , c 7 , c 8 } is the unknown constant vector to be determined. Once the unknown constants are obtained then the displacement solution is computed from the Equation (A1). The slope at any point along the length of the beam can be obtained by performing the first derivatives of the displacement. To have real and positive roots we assumed g 1 /g 2 > √ 2 in the present analysis. The simultaneous equations to determine the unknown coefficients for a simply supported beam is given as:
(a) Simply supported beam :
where, a 11 = m 
Free vibration analysis
To obtain the natural frequencies for a second gradient elastic Euler-Bernoulli beam which is governed by Equation ( 
where, c i are the constants of integration which are determined through boundary conditions and the k i are the roots of the characteristic equation
After applying the boundary conditions listed in Equations (13) and (14) After applying the boundary conditions listed in Equations (13) and (14) 
